Model independent determination of the muonic hydrogen Lamb shift and
  proton radius by Peset, Clara & Pineda, Antonio
ar
X
iv
:1
40
3.
34
08
v2
  [
he
p-
ph
]  
4 J
un
 20
14
Model independent determination of the muonic hydrogen Lamb shift and proton
radius
Clara Peset and Antonio Pineda1
1Grup de F´ısica Teo`rica, Universitat Auto`noma de Barcelona, E-08193 Bellaterra, Barcelona, Spain
(Dated: July 13, 2018)
We obtain a model independent expression for the muonic hydrogen Lamb shift. This expres-
sion includes the leading logarithmic O(mµα
6) terms, as well as the leading O(mµα
5m
2
µ
m2
ρ
) hadronic
effects. The latter are controlled by the chiral theory, which allows for their model independent
determination. In this paper we give the missing piece for their complete expression including the
pion and Delta particles. Out of this analysis and the experimental measurement of the muonic
hydrogen Lamb shift we determine the electromagnetic proton radius: rp = 0.8412(15) fm. This
number is at 6.8σ variance with respect to the CODATA value. The accuracy of our result is limited
by uncomputed terms of O(mµα
5m
3
µ
m3
ρ
,mµα
6). This parametric control of the uncertainties allows
us to obtain a model independent estimate of the error, which is dominated by hadronic effects.
PACS numbers: 12.39.Fe, 11.10.St, 12.39.Hg, 12.20.Ds
The recent measurement [1, 2] of the muonic hydrogen
Lamb shift, E(2P3/2)− E(2S1/2),
∆Eexp = 202.3706(23)meV (1)
and the associated determination of the electromagnetic
proton radius: rp = 0.84087(39) fm has led to a lot of
controversy. The reason is that this number is 7.1σ away
from the CODATA value, rp = 0.8775(51) fm [3].
In order to asses the significance of this discrepancy it
is of fundamental importance to perform the computa-
tion (in particular of the errors) in a model independent
way. In this Letter we revisit the theoretical derivation of
the muonic hydrogen Lamb shift with this aim in mind.
In this respect, the use of effective field theories is spe-
cially useful. They help organizing the computation by
providing with power counting rules that asses the im-
portance of the different contributions. This becomes in-
creasingly necessary as higher order effects are included.
Even more important, these power counting rules allow to
parametrically control the size of the uncalculated terms
and, thus, give an educated estimate of the error. This
discussion specially applies to the muonic hydrogen, as
its dynamics is characterized by several scales:
mp ∼ mρ, mµ ∼ mpi ∼ mr ≡
mµmp
mp +mµ
, mrα ∼ me.
By considering ratios between them, the main expansion
parameters are obtained:
mpi
mp
∼
mµ
mp
≈
1
9
,
me
mr
∼
mrα
mr
∼
mrα
2
mrα
∼ α ≈
1
137
.(2)
This approach to the problem has been followed in
[4–6] (see [7] for a review of these computations) with a
combined use of Heavy Baryon Effective Theory (HBET)
[8], Non-Relativistic QED (NRQED) [9] and, specially,
potential NRQED (pNRQED) [10–12]. Particularly rel-
evant for us is Ref. [5], which contains detailed infor-
mation on the application of pNRQED to the muonic
hydrogen. We refer to it for details (but an even more
detailed account with extra results is in preparation [13]).
Since pNRQED describes degrees of freedom with E ∼
mrα
2, any other degree of freedom with larger energy
is integrated out. This implies treating the proton and
muon in a non-relativistic fashion and integrating out the
pion and Delta particles. This is achieved by matching
HBET to NRQED. By integrating out the scalemµα, pN-
RQED is obtained and the potentials appear. Schemati-
cally the path followed is the following (∆ ≡ m∆ −mp):
HBET
(mpi,µ,∆)
=⇒ NRQED
(mµα)
=⇒ pNRQED ,
and the resulting pNRQED Lagrangian reads
LpNRQED =
∫
d3rd3RdtS†(r,R, t)
{
i∂0 −
p2
2mr
(3)
−V (r,p,σ1,σ2) + er · E(R, t)
}
S(r,R, t)−
∫
d3R
1
4
FµνF
µν ,
where S is the field representing the muonic hydrogen, R
the center of mass coordinate and r the relative distance.
V stands for the potential and admits an expansion in
powers of 1/mµ:
V (r,p,σ1,σ2) = V
(0)(r)+
V (1)(r)
mµ
+
V (2)(r)
m2µ
+ · · · . (4)
The potentials V (i) are obtained as an expansion in pow-
ers of α (as well as in powers of the other small ratios
appearing in (2)). They are obtained through match-
ing to the underlying theory and can be found in [5].
The spectrum is then obtained by the combined use of
NR quantum mechanics perturbation theory and pertur-
bative quantum field theory computations (if ultrasoft
photons show up). As we have definite counting rules
to asses the relative importance of the different terms
2we know when we can truncate the computation. The
application of this program to the muonic hydrogen pro-
duces the contributions we use in our analysis, listed in
Table I. Most of the results were already available in the
literature, we have reevaluated many and computed the
missing term to the polarizability due to the Delta to
obtain the accuracy we aim at in this paper. We now
briefly discuss them focusing on the novel aspects.
O(mrα
3) V
(0)
VP 205.00745
O(mrα
4) V
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O(mrα
4) V
(0)
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O(mrα
5) V
(0)
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O(mrα
5) V
(0)
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O(mrα
4
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m2
µ
m2
p
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O(mrα
5) V
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6
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5
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5
×
m2
r
m2
ρ
) V
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VPhad
; dhad2 0.0111(2)
O(mrα
5
×
m2
r
m2
ρ
mµ
mpi
) V (2); chad3 0.0344(125)
TABLE I. The different contributions to the muonic hydrogen
Lamb shift in meV units.
The first 4 entries in Table I are the contributions to
the Lamb shift associated to the electron vacuum polar-
ization (VP) corrections to the static potential V (0) (see
Eq. (13) in Ref. [5]). Specially difficult is the 4th entry,
as it corresponds to the three-loop static potential and to
the third order computation in perturbation theory. It
was computed in [14] (see also [15] for a small correction).
The 5th entry corresponds to the contribution associ-
ated to the light-by-light (LbL) corrections to the static
potential V (0) (see the δα term in Eq. (15) in Ref. [5]). It
was obtained in [16], where a very long explanation was
made to argue that the LbL contributions could be com-
puted in the static approximation. This is evident in the
effective field theory, as they correspond to a correction
to the static potential, as already stated in Ref. [5].
The 6th entry corresponds to the leading contribution
due to the α/m2 and 1/m3 potentials. Even though it is
formallyO(mrα
4) it suffers an extram2µ/m
2
p suppression.
This explains why it is smaller than its naive natural size.
The 7th entry is the sum of the ultrasoft correction (see
Eq. (3.7) in Ref. [12] rescaling m/2→ mr) and the (one
loop) α2/m2 potential (see Eq. (B2) in Ref. [12]). This
sum can be considered in an isolated way, as it produces
a well defined contribution for the case of the muonium
(µe), where there is no contribution due to the electron
VP.
The 8th entry is the sum of the correction produced by
2nd order NR quantum mechanics perturbation theory of
the α2/r potential due to the electron VP together with
the α/m2 and 1/m3 potentials, and the correction due to
the α2/m2 potential due to the electron VP. Again this
sum constitutes a well defined set, as it can be paramet-
rically distinguished from other contributions (formally
through the number of light fermions). This contribu-
tion was first computed in [17] and later corrected in
[18, 19]. Nevertheless, a different number has been ob-
tained in two recent analyses [20, 21]. We confirm this
last number, which is the one we quote in Table I.
These 8 entries give the complete O(mrα
5) result for
a point-like proton. In this result we have kept the exact
mass dependence. The O(mµα
6) contribution is domi-
nated by the logarithmic enhanced terms. Here, we com-
pute the leading ones. We assign a general counting of
mr/mp <∼ lnα ∼ ln(me/mµ). Therefore, we only com-
pute those contributions at leading order in the mr/mp
expansion, i.e. those where the proton is infinitely mas-
sive. In this approximation all the logs are generated by
the electron VP (as the case without the electron would
correspond to the standard hydrogen situation) produc-
ing the 9th and 10th entries of Table I, which we now
discuss.
The 9th entry is due to the logarithmic enhanced
O(α2) corrections to the c
(µ)
D Wilson coefficient (see
Eqs. (B.2/3) in Ref. [12]), which with this accuracy reads
[22, 23] (we introduce the finite term for completeness al-
though we do not use it in our computations)
c
(µ)
D,MS
(ν) = 1 +
4α
3pi
ln
(
m2µ
ν2
)
+
(α
pi
)2(8
9
ln2
(
mµ
me
)
−
40
27
ln
(
mµ
me
)
−
1183
324
+
pi2
6
(
−32
9
+ 18 ln(2)
)
−
9
2
ζ(3)
+O
(
me
mµ
))
. (5)
It produces an α3/m2×log-potential, the expectation
value of which gives the 9th entry.
The 10th entry is generated in the same way as the 8th
entry but multiplied by the (logarithmic enhanced) O(α)
term of c
(µ)
D (ν). The ν dependence gets regulated by the
ultrasoft scale, which we set to ν = mµα
2, producing the
number we quote in Table I.
Both computations were considered before in Ref. [17].
We agree with them for the significant digits given in
this reference. It is also interesting to see that both
contributions can be understood from a renormalization
group analysis in some appropriate limit [24]. This anal-
ysis also gives us information on the log structure of
the recoil, mr/mp, corrections. At this order extra log-
3terms appear. Nevertheless, they are at most linear:
O(mµα
6mµ
mp
lnα), i.e. there are no O(mµα
6mµ
mp
ln2 α)
terms, contrary to the claim in Ref. [20].
For a point-like proton this computation would fin-
ish our analysis. The error would be due to uncom-
puted contributions of O(mµα
6) and O(mµα
6mµ
mp
lnα).
In Refs. [25, 26] several terms of this order were com-
puted. We use these analyses to estimate the error. Spe-
cially useful to us are the (a) and (d) entries in Table
IV of the last reference. They are related with the large-
log contributions discussed above but also include some
finite pieces. We take the difference with the pure log-
terms for the generic O(mµα
6) error. 1/2 of the sum of
the 9th and 10th entries yields a similar error: ∼ 3 µeV.
Since the proton is not point-like, we have to incorpo-
rate the finite-size effects due to its hadronic structure.
These are encoded in the Wilson coefficients c
(p)
D , d2 and
c3 of the NRQED Lagrangian,
δL =
d2
m2p
FµνD
2Fµν − e
c
(p)
D
8m2p
N †p∇ ·ENp+
c3
m2p
N †pNpµ
†µ ,
(6)
in the following way (ds can be found in Eq. (B.4) of
[12]):
c
(p)
D,MS
(ν) ≡ 1 +
4
3
α
pi
ln
(
m2p
ν2
)
+
4
3
r2pm
2
p +O(α
2) , (7)
c3(ν) ≡ −
mp
mµ
ds(ν) + c
had
3 +O(α
3) , (8)
d2 =
α
60pi
+ dhad2 +O(α
2) . (9)
4
3r
2
pm
2
p, c
had
3 and d
had
2 are defined as the left-over Wilson
coefficients after subtraction of the proton (pure-QED)
point-like contributions.
All these hadronic corrections add to the delta poten-
tial and energy shift in a specific combination:
Dhadd ≡ −c
had
3 − 16piαd
had
2 +
2piα
3
r2pm
2
p , (10)
δV
(2)
had(r) ≡
1
m2p
Dhadd δ
3(r)→ ∆E = −
Dhadd
m2p
1
pi
(
mrα
2
)3 .
This equation gives the leading hadronic correction to
the energy shift, which is due to rp and listed in the
11th entry of Table I. It is of O(mrα
4×m2rr
2
p) with rp ∼
1
m2
ρ
lnmpi. We also need the corrections proportional to rp
to the next power in α. They are due to the electron VP
corrections to δV
(2)
had, and to the 2nd order NR quantum
mechanics perturbation theory of the α2/r potential due
to the electron VP together with δV
(2)
had, similarly as for
the 8th entry of Table I. The result is listed in the 12th
entry of Table I. The next correction is of O(mrα
6 lnα×
m2rr
2
p). It has been computed in [27] and listed in the
13th entry of Table I. We use 1/2 of this result for the
error of the r2p coefficient.
dhad2 encodes the hadronic vacuum polarization effects.
They can be accurately determined from dispersion rela-
tions [28] with small errors for our purposes. The con-
tribution is in the 14th entry of Table I (note that the
proton point-like contribution is subtracted).
The energy shift proportional to chad3 is usually named
∆ETPE, the two-photon exchange contribution. When
matching HBET to NRQED we integrate out the pion,
but also the Delta, not only because the Delta is the clos-
est resonance to the proton (see [29]), but also because
in the large Nc limit the Delta and proton become de-
generate [30]. Since chad3 depends linearly on the muon
mass, it is dominated by the infrared dynamics and di-
verges in the chiral limit. This produces an extramµ/mpi
suppression with respect to its natural size. Therefore,
the pure-chiral and Delta-related computation gives the
leading and next-to-leading order effect, respectively:
chad3,LO ∼ α
2mµ
mpi
, chad3,NLO ∼ α
2mµ
mpi
×
mpi
∆
. (11)
In order to estimate the size of the different contributions
(and the associated error) we proceed as follows. We
count mpi ∼
√
ΛQCDmq and ∆ ∼
ΛQCD
Nc
. We then have
the double expansion mpiΛQCD ∼
√
mq
ΛQCD
and ∆ΛQCD ∼
1
Nc
.
We still have to determine the relative size between mpi
and ∆. We observe that mpi/∆ ∼ Nc
√
mq
ΛQCD
∼ 1/2.
Therefore, we associate a 50% uncertainty to the pure
chiral result. The Delta-related effects are large and con-
stitute the leading corrections to the chiral limit. We
compute them in this paper (actually, we have computed
the (mqNc/Λ)
n dependence to any order in n and incor-
porated it in the result). These corrections are free of
counterterms, yielding a pure prediction, and give (to-
gether with the strict chiral result) the nonanalytic be-
havior in the light quark mass mq and 1/Nc of c
had
3 . New
counterterms scale as ∼ α2
mµ
ΛQCD
, which set the precision
of our result:
chad3 ∼ α
2mµ
mpi
[
1 + #
mpi
∆
+ · · ·
]
+O
(
α2
mµ
ΛQCD
)
. (12)
Once the Delta is incorporated in the computation,
the splitting with the next resonances suggests a mass
gap of order ΛQCD ∼ 500-770 MeV, depending whether
one considers the Ropper resonance or the ρ. Therefore,
we assign mpiΛQCD ∼ 1/3 and
∆
ΛQCD
∼ 1/2, as the uncertain-
ties of the pure chiral and the Delta-related contribution
respectively. We add these errors linearly for the final
error. A more quantitative estimate of the uncertain-
ties would require the knowledge of more orders of the
perturbative expansion to see the convergence pattern.
It is customary to split chad3 into the Born (or Zemach,
or 〈r3〉) and polarizability terms, and so we do: chad3 =
cBorn3 + c
pol
3 . The chiral/Delta correction to c
Born
3 has
been computed in Refs. [5, 13] producing the following
4energy shift:
∆EBornLO+NLO = 10.08− 1.81 = 8.3(4.3)µeV . (13)
The 1st term is the pure chiral correction. The 2nd
term is the Delta-related contribution and corrects the
result in Ref. [5]. We observe a rather good convergence.
On the other hand our result is quite different with re-
spect to standard values obtained from dispersion rela-
tions [31, 32]. One may wonder whether such difference
is due to relativistic corrections. An estimate of the rela-
tivistic effects can be obtained from the analysis made in
Ref. [17], which, however, is based on dipole form factor
parameterizations. The difference between the relativis-
tic and nonrelativistic expression was found to be small
(∼ 3µeV). It should be further investigated if this fea-
ture holds with different parameterizations. We relegate
a broader discussion on this issue to Ref. [13]. In the
mean time we will stick to our model independent pre-
diction from the effective theory.
The chiral correction to cpol3 has been computed in [6].
We have checked this result. From the power counting
point of view, Delta effects are the most important cor-
rections. Therefore, we compute the Delta-related contri-
bution to the polarizability correction to the Lamb shift.
This eliminates the major source of uncertainty of the
polarizability contribution. In Fig. 1 we show the dia-
grams that contribute to the polarizability due to the
Delta particle. Overall, we obtain the following energy
shift from the polarizability effects
∆EpolLO+NLO = 18.51 + 7.67 = 26.2(10.0) µeV . (14)
The first term is the pure chiral correction, already ob-
tained in [6]. The second term is the Delta-related con-
tribution and it is new. It is smaller than the pure chiral
result (as in the Born case), which we find reassuring.
We have numerically checked that the mµ → 0 limit
coincides with Eq. (51) of [5]. Corrections to this re-
sult are parametrically suppressed by a factormµ/ΛQCD.
There also exists a computation, using a relativistic ver-
sion of chiral perturbation theory, for the chiral-related
term [33]. Such computation treats the baryon relativis-
tically. This may jeopardize the power counting by intro-
ducing, in the same footing, some subleading contribu-
tions. It is usually said that such subleading effects may
give an estimate of higher order effects in HBET. Nev-
ertheless, such computations also assume that a theory
with only baryons and pions is appropriate at the proton
mass scale (actually the very fact that those are the right
degrees of freedom at these scales could be debatable).
This should be taken with due caution. Still, it would
be desirable to have a deeper theoretical understanding
of this difference, which may signal that relativistic cor-
rections are important for the polarizability correction.
In any case, their result differs from our chiral result by
around 50%. This is around 1.5 times the error we use
µ
p
µ
p
µ
p
µ
p
µ
p
µ
p
µ
p
µ
p
p
µ
(a) (b) (c)
(d) (e) (f)
(g) (h) (i)
FIG. 1. Diagrams (up to symmetric permutations) involving
the Delta particle needed to obtain the polarizability.
for the chiral contribution once the Delta is incorporated
in the calculation, which we consider reasonable.
Combining the Born and polarizability contributions
we obtain the two-photon exchange term (listed in the
15th entry in Table I):
∆ETPELO+NLO = 28.59 + 5.86 = 34.4(12.5) µeV . (15)
We would like to emphasize that this result is a pure pre-
diction of the effective theory. It is also the most precise
expression that can be obtained in a model independent
way, since O(mµα
5 m
3
µ
Λ3
QCD
) effects are not controlled by
the chiral theory and would require new counterterms.
This problem is not (nor it can be) solved by the analy-
sis of [34], where the low energy behavior of the forward
virtual Compton tensor was computed to O(p4), since a
model dependent form factor was used, not only at the
ρ-mass scale, but also at the chiral scale. Finally, un-
like in the Born case, dispersion relation analyses require
subtractions. As it has been emphasized in Ref. [35],
this introduces dependences on unmeasured amplitudes,
which necessarily require modelling, making both the ab-
solute value and the error analysis of these determina-
tions model dependent, and, thus, arbitrary to a large
extent. This leaves our analysis as the only one that
eliminates all model dependence.
Summarizing all contributions, our final prediction for
the Lamb shift reads
∆Ethiswork = 206.070(13)− 5.2271(7)
r2p
fm2
meV (16)
= 206.0243(30)− 5.2271(7)
r2p
fm2
+ 0.0455(125)meV .(17)
In the last equality the first term is the pure QED result,
and its error is the estimate of the O(mµα
6) effects. The
5error of the coefficient of the term proportional to r2p is
the estimated size of the O(mµα
6(mµrp)
2) terms. The
last term encodes the rp-independent hadronic effects.
The error is the assigned uncertainty due to unknown
terms of O(mµα
5m
3
µ
m3
ρ
). Using Eq. (1) we obtain
rp = 0.8412(15) fm, (18)
where the theoretical and experimental errors have been
combined in quadrature. Nevertheless, the latter is com-
pletely subdominant with respect to the total error,
which is fully dominated by the hadronic effects.
Our central value is basically equal to the one quoted
in [2] (even though some individual terms are quite differ-
ent) but has significantly larger errors. The main reason
is that the error associated to the two-photon exchange
contribution is larger in our case, as it is the most one can
do without model dependent assumptions. Nevertheless,
we emphasize that the proton radius puzzle survives our
model independent analysis, which yields a 6.8σ discrep-
ancy with respect to the CODATA value.
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